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Abstract The concept of a digital twin, a virtual representation of a physical system evolving in real
time, holds great promise for monitoring and controlling complex dynamics, yet creating accurate twins
for chaotic systems remains challenging due to sensitivity to initial conditions. Reservoir computing (RC)
offers a powerful framework for learning chaotic dynamics from data, but autonomous RC models inevitably
desynchronize from the true system over long time horizons. Here, we systematically investigate four strate-
gies for coupling a trained RC-based digital twin with real-time observations of the chaotic Lorenz system:
(i) periodic data injections, (ii) single-threshold error-triggered injections, (iii) two-threshold hysteretic
injections, and (iv) a novel combination of sparse periodic and two-threshold injections. We quantify the
trade-off between prediction accuracy and measurement cost. Our results show that the combined approach
achieves NRMSE = 0.0262 with only 5 updates per 100 time steps, significantly reducing injection fre-
quency compared to periodic injections while maintaining competitive accuracy. These findings provide a
practical framework for designing controllable digital twins under limited measurement budgets.

1 Introduction

The concept of a digital twin, a virtual representation of a physical system that evolves in real time, has emerged
as a powerful paradigm for monitoring, prediction, and control of complex dynamics. Creating an accurate digital
twin for chaotic systems is particularly challenging due to the exponential divergence of trajectories arising from
sensitivity to initial conditions [1]. Recent work has highlighted the relevance of chaos theory in digital twin
applications, for instance in facility management and predictive maintenance [2]. Even a well-trained model will
eventually desynchronize from the true system if run autonomously, limiting the predictive horizon.

Reservoir Computing (RC) has proven to be a highly effective machine learning framework for learning and
predicting chaotic dynamics [1, 3–7]. The seminal work of Jaeger and Haas [3] demonstrated the ability of echo
state networks to predict chaotic systems, while subsequent studies established RC as a benchmark for model-free
prediction of spatiotemporally chaotic systems [1]. Its architecture is naturally suited to emulating dynamical
systems: a fixed, high-dimensional nonlinear reservoir provides a fading memory of past inputs, while training is
reduced to a computationally efficient linear regression. This simplicity and the inherent capacity for autonomous
dynamical evolution make RC a leading candidate for constructing digital twins of nonlinear systems.

Recent work has significantly expanded the applicability of reservoir computing to complex dynamical systems
beyond deterministic chaos. Hramov et al. [8] introduced the concepts of strong and weak prediction for stochastic
dynamics, while Badarin et al. [9, 10] demonstrated that RC can recover hidden variables from partially observed
systems and reconstruct neuroimaging signals. The flexibility of RC has been extended to irregular time-series
classification [11] and stochastic cloning of dynamical systems with hidden variables [12]. However, predicting
stochastic systems remains challenging due to intermittency effects [13], and the trade-off between reservoir size
and accuracy requires careful optimization [14]. These findings underscore that while RC is a powerful tool for
emulating complex dynamics, careful design of synchronization strategies is essential for maintaining long-term
fidelity.
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While reservoir computers can be trained to autonomously replicate an attractor (effectively creating a closed-
loop digital twin), their long-term stability in the face of perturbations and model inaccuracies remains a critical
limitation. Practical deployment often necessitates periodic or event-driven interventions to keep the digital twin
close to with the physical asset, especially when using sparse or noisy measurements. This motivates the develop-
ment of hybrid injection strategies, where a trained autonomous RC model is combined with a data assimilation
scheme that occasionally injects observed true states into the reservoir to correct its trajectory. Similar event-
triggered approaches have been successfully applied to chaotic Lur’e systems [15, 16], where control updates are
performed only when a predefined error threshold is exceeded.

Practical applications of digital twins often operate under constraints where continuous high-frequency measure-
ments are unavailable or prohibitively expensive. For example, in remote environmental monitoring (e.g., oceanic or
atmospheric sensing), satellite or buoy data may only be available at discrete intervals [17]. In medical diagnostics,
invasive measurements cannot be performed continuously [18]. In industrial settings, sensor faults or communi-
cation delays may interrupt the data stream [19]. These scenarios demand digital twins that can maintain useful
accuracy with sparse, event-driven, or irregularly timed observations. Our work addresses precisely this challenge:
how to design a reservoir-computing digital twin that remains close to a chaotic system using minimal external
injections.

In this work, we systematically investigate and compare four strategies for coupling a trained RC model with
real-time observations from the chaotic Lorenz system. Beyond a classical open-loop prediction, we study two
threshold-based state update methods and a novel combined approach. Such approaches have some similarities
with classical pinning control of chaotic systems [20], as well as with intermittency effects in externally synchronized
chaotic oscillators [21], but are used to maintain the system close to the required phase trajectory, for example,
as in the phase tube method for the generalized synchronization precise detection [22]. Our goal is to delineate
the trade-offs between the accuracy of the digital twin (quantified by the Normalized Root-Mean-Square Error)
and the cost of measurement (quantified by the average frequency of data injections). We present a comprehensive
framework for designing a controllable digital twin that balances these competing objectives.

Specifically, we: (i) systematically compare periodic, single-threshold, and two-threshold injection strategies for
RC-based digital twins; (ii) introduce a combined periodic and two-threshold approach that balances accuracy and
injection cost; (iii) quantify the trade-off using a novel composite metric NRMSE · Ninj.

The remainder of this paper is organized as follows. Section 2 describes the Lorenz system, the reservoir-
computing architecture, the training procedure, and the evaluation metrics. Section 3 presents our results, organized
by injection strategy: periodic injections (Sect. 3.1), single-threshold error-triggered injections (Sect. 3.2), two-
threshold hysteretic injections (Sect. 3.3), and the combined periodic and two-threshold approach (Sect. 3.4).
Section 3 concludes with a summary of findings, practical recommendations, and limitations.

2 Methods

2.1 The Lorenz system

The Lorenz system is a benchmark model for chaotic dynamics, defined by the following set of ordinary differential
equations [23]:

ẋ = σ(y − x), (1)

ẏ = x(ρ − z) − y, (2)

ż = xy − βz, (3)

where we use the standard parameter set σ = 10, ρ = 28, and β = 8/3, for which the system exhibits chaotic
behavior on a strange attractor. The system is ergodic and mixing, providing a robust benchmark for testing
prediction and synchronization strategies.

The system was integrated using the 4th-Order Runge–Kutta numerical scheme with a time step Δt = 0.01. A
time-series of 17,000 points was generated; the first 12,000 points were used for training and the remaining 5,000
for testing.
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Table 1 Optimal
hyperparameters of the
reservoir-computing model

Parameter Optimal value

Number of reservoir units (N ) 500

Leak rate (α) 0.25

Spectral radius (ρ) 0.6

Input scaling (σin) 0.44

Reservoir connectivity (pres) 0.02

Input connectivity (pin) 0.21

Ridge regularization (λ) 10−4

2.2 Reservoir computing

The proposed digital twin is built upon a standard Echo State Network (ESN) architecture with N = 500 reservoir
units. The reservoir state r(t) ∈ R

N is updated according to

r(t + Δt) = (1 − α)r(t) + α tanh(Wr(t) + Winu(t)), (4)

where u(t) ∈ R
3 is the input state vector, W is the N × N recurrent weight matrix, Win is the N × 3 input

matrix, and α is the leak rate. The matrices W and Win are randomly generated according to hyperparameters
and stay fixed during training; only the output weights Wout are trained. Win values are generated from uniform
distribution [−σin, σin] with probability pin. W is defined by spectral radius ρ and Reservoir connectivity (pres)
which is the probability of connection existence.

To create a digital twin, the network is trained for autonomous evolution by setting the input u(t) to the
reservoir’s own prediction, û(t), in a closed-loop configuration. The output weights are learned via Tikhonov-
regularized linear regression, minimizing

∑

t

‖Woutr(t) − utrue(t + Δt)‖2+λ‖Wout‖2, (5)

where λ = 10−4 is a regularization parameter that prevents overfitting. Therefore, the reservoir’s output is defined
as

û(t) = Woutr(t). (6)

During the training phase, the input is the current true state utrue(t), and the target output is the true state at
the next time step, utrue(t + Δt). Thus, the network learns a one-step forward map. During the closed-loop mode,
this learned map is applied recursively, with the output û(t) fed back as input for the next iteration.

We optimize the hyperparameters to achieve minimal error of prediction defined in (8). The resulting RC’s
parameters are presented in Table 1.

2.3 Prediction quality metrics

We define the instantaneous prediction error as the Euclidean (L2) norm

e(t) = ‖û(t) − utrue(t)‖2. (7)

Overall performance is quantified by the normalized root-mean-square error (NRMSE) over the testing window

NRMSE =

√
1
T

∑T
t=1‖û(t) − utrue(t)‖2

σu
, (8)

where σu is the standard deviation of the true trajectory in each coordinate.
We also define Ninj as the mean number of state updates per 100 time steps, averaged over the entire generative

run.
Generative runs consist of 5000 steps after a 50-step warmup using test data.
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3 Results

First, we train classical RC to predict chaotic dynamics of the Lorenz dynamical system. As one can see on Fig. 1,
after optimizing hyperparameters (Table 1), we achieve accurate short-term prediction for t = 5 sec and attractor
reproduction. Then, we attempt to construct a digital twin of Lorenz system using different approaches of one-point
real data injection to the RC.

3.1 Periodic injections

As the first approach for digital twin construction, we apply periodic external injections of real data from the
Lorenz system into the reservoir’s input. The model runs autonomously for n− 1 steps, and at every n-th step the
true state is injected. This can be expressed as a single update rule

u(t) =
{
utrue(t), if t mod (nΔt) = 0,
û(t − Δt), otherwise,

(9)

where û(t − Δt) is the reservoir’s own prediction from the previous time step. Thus, the true state is fed into the
reservoir at a fixed period of n time steps, providing a baseline for performance as a function of measurement
frequency.

Fig. 1 Prediction of
chaotic dynamics of the
Lorenz dynamical system
by classical RC: (A)
time-series of Lorenz
variables x , y , z and RC’s
prediction x̂, ŷ, ẑ and (B)
phase portrait

Fig. 2 The quality of
Lorenz dynamics prediction
using an approach of
periodic injections: the
dependencies of (A)
NRMSE and (B)
normalized NRMSE/n on
the injections period n and
the examples of true and
predicted time-series of
x -variable with the
injection points for (C)
n = 11 corresponding to a
local minimum in (A)
marked by black point and
(D) n = 35 corresponding
for local minimum in (B)
marked by red point
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Figure 2A illustrates the dependence of NRMSE on the period between injections n—lower n means more
frequent real values injections to the RC’s input. Small NRMSE is achieved for n ∈ [5, 16] with local minimum
of NRMSE = 0.0182 for n = 11. The true and predicted time-series of x -variable is presented in Fig. 2C. As one
can see, achieving such accuracy requires very frequent injections, around 6 times per period. Further increasing
n leads to increasing the prediction error. To achieve trade-off between accuracy and injections frequency, we
calculate normalized error, NRMSE/n (see Fig. 2B). Such metric has different dependence from n: it decreases
when increasing n from 5 to 17, but further increasing n does not almost change normalized NRMSE. It indicates
that the total error grows roughly linearly with the injections period. Local minimum is achieved for n = 35 with
NRMSE = 0.0272, the corresponding time-series are presented in Fig. 2D. As one can see, the predicted trajectory
stays close to the true one most part of the time. Only small deviations are observed, but they are correcting fast
by periodic injections.

3.2 Single-threshold error-triggered injections

As the second approach, instead of periodic injections, we propose error-triggered injections when the true state
is fed only when the error threshold is reached. A threshold value ε1 on the instantaneous error is set. The
error is computed as the L2-norm (Euclidean distance) between the true and predicted state vectors: e(t) =
‖utrue(t) − û(t)‖2. If e(t) > ε1, the true state utrue(t) is fed into the reservoir at the next time step

u(t) =
{
utrue(t), if e(t − Δt) > ε1,
û(t − Δt), otherwise.

(10)

Figure 3A illustrates the dependence of NRMSE on threshold value ε1. One can expect that as ε1 → 0, the
error should approach a minimum at the cost of a high reset rate, while large ε1 should approach autonomous
performance. We found that for low values of ε1 < 1, NRMSE hardly changes and stays around 0.0245. Increasing of
threshold value leads to first decreasing the error and then increasing to high NRMSE. Figure 3B, C demonstrates
true and predicted time-series of x -variable for top-2 threshold values ε1 = 1.6 and ε1 = 3.4 with NRMSE = 0.0169
and 0.0170, respectively. As one can see, lower ε1 keeps the predicted trajectory close to the true one; exceeding
the threshold typically initiates a long sequence of injections until the error drops below ε1, resulting in Ninj = 19
updates per 100 steps. In contrast, higher ε1 yields more frequent but shorter injections sequences Ninj = 5. With
a higher threshold, the RC returns to autonomous operation at a larger instantaneous error, causing the next
threshold crossing to occur sooner.

Fig. 3 The quality of
Lorenz dynamics prediction
using an approach of
single-threshold
error-triggered injections:
(A) the dependence of
NRMSE on threshold value
ε1 and (B, C) the examples
of true and predicted
time-series of x -variable,
error e, and the injection
points for (B) ε1 = 1.6 and
(C) ε1 = 3.4
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Fig. 4 The quality of
Lorenz dynamics prediction
using an approach of
two-threshold
error-triggered injections:
the dependencies of (A)
NRMSE and (B)
NRMSE · Ninj on the
threshold values ε1 and ε2
and (C, D) the examples of
true and predicted
time-series of x -variable,
error e, and the injection
points for (C) ε1 = 2.87,
ε2 = 1.94 and (D)
ε1 = 7.32, ε2 = 6.26

3.3 Two-threshold error-triggered injections

Then, we propose to extend the previous strategy by defining two thresholds: an activation threshold ε1 and a
lower stabilization exit threshold ε2 (where ε1 ≥ ε2). When e(t) > ε1, a “stabilization mode” is activated: the true
states are then fed to the reservoir for a minimum of 4 consecutive time steps. This duration was chosen empirically
based on the reservoir’s leak rate (α = 0.25); it is long enough to allow the reservoir’s hidden state to ’flush’ the
memory of the erroneous autonomous trajectory and fully synchronize with the true dynamics. Fewer than 4 steps
were found to be insufficient, often resulting in immediate re-exceedance of the error threshold upon returning to
autonomous operation. The system exits this mode only after the error at the last three injected points is at or
below ε2. This provides a hysteretic control mechanism to ensure that the system is firmly re-synchronized before
returning to autonomous mode.

We investigate the influence of a couple of threshold values ε1 and ε2 on the prediction accuracy. As one can see
in Fig. 4A, the leading role plays the activation threshold: low NRMSE is achieved for ε1 < 4 for any ε2. Both high
ε1 and ε2 lead to high errors as expected, while the lowest NRMSE = 0.0182 is achieved for mediocre threshold
values ε1 = 2.87 and ε2 = 1.94. However, such low accuracy has a price of high number of state updates. As one

Fig. 5 The dependencies
of NRMSE on the mean
number of injections Ninj

for (A) the approach of
two-threshold
error-triggered injections
and (B) the combined one
with periodic and
two-threshold
error-triggered injections
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can see in Fig. 4C, there are a big number of long series of state updates, one or more periods of oscillations are
almost fully consist of true states intermittent by short prediction series.

To achieve a reasonable accuracy with small number of injections, we consider a new metric – NRMSE · Ninj.
Due to low thresholds leads to frequent injections, the dependence of the new metric on ε1 and ε2 strictly differs
from NRMSE (see Fig. 4B). The minimum is achieved for ε1 = 7.32 and ε2 = 6.26 (NRMSE = 0.0306). As one can
see in Fig. 4D, the number of injections series is significantly reduced (Ninj = 4 for panel D compared to Ninj = 18
for panel C), each series typically consists of the minimum of 4 points, but the predicted and real trajectories
sometimes reach a large divergence between themselves.

Figure 5A illustrates how NRMSE depends on the mean number of injections Ninj. As one can see, the highest
error values are achieved at low Ninj values. However, for Ninj < 40, a wide range of error values is observed: errors
can range from very low (the lowest NRMSE is achieved at Ninj = 22) to high ones. The optimal trade-off between
error and injections frequency is observed for Ninj = 4 that corresponds to the minimal length of the stabilization
series. Therefore, only the shortest series are triggered for such case. For Ninj > 50, most of the points align around
NRMSE = 0.024, no longer depending strongly on Ninj.

3.4 Combined periodic and two-threshold injections

As a final strategy, we propose to combine a sparse periodic injections (n = 150) with the two-threshold method.
This ensures a baseline level is maintained via rare periodic injections, while the dual-threshold mechanism provides
rapid correction during large excursions. The period n = 150 was chosen empirically to serve as a sparse baseline
safety net; it is significantly larger than the optimal standalone periodic injections (n = 11 and n = 35), ensuring
that it does not dominate the correction mechanism but rather prevents complete desynchronization over long
runs.

Fixing n and varying threshold values in the same boundaries, we observe dependencies similar to the two-
threshold only approach. Figure 5B has the same main trends as A. The only differences are lower maximal,
optimal and minimal NRMSEs, while the last one (NRMSE = 0.0179) is achieved for lower Ninj = 20.

Two-parametric dependencies of NRMSE and NRMSE · Ninj on ε1 and ε2 are illustrated in Fig. 6A, B. As
one can see, all trends remain the same as in Fig. 4A, B. The minimum NRMSE = 0.0179 is also achieved with
mediocre threshold values: the activation threshold ε1 = 2.87 remains the same, and the exit threshold ε2 = 2.10 is
slightly higher. Figure 6C illustrates the true and predicted time-series of x -variable. One can see that introducing

Fig. 6 The quality of
Lorenz dynamics prediction
using combined approach
with periodic and
two-threshold
error-triggered injections:
the dependencies of (A)
NRMSE and (B)
NRMSE · Ninj on the
threshold values ε1 and ε2
and (C, D) the examples of
true and predicted
time-series of x -variable,
error e, and the injection
points for (C) ε1 = 2.87,
ε2 = 2.10 and (D)
ε1 = 7.32, ε2 = 4.56
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Table 2 Comparison of the four injection strategies for the RC-based digital twin of the Lorenz system

Strategy NRMSE Ninj Parameters

Periodic injections 0.0182 9 n = 11

0.0272 3 n = 35

Single-threshold error-triggered 0.0169 19 ε1 = 1.6

0.0170 5 ε1 = 3.4

Two-threshold error-triggered 0.0182 18 ε1 = 2.87, ε2 = 1.94

0.0306 4 ε1 = 7.32, ε2 = 6.26

Combined (periodic + two-threshold) 0.0179 20 n = 150, ε1 = 2.87, ε2 = 2.10

0.0262 5 n = 150, ε1 = 7.32, ε2 = 4.56

For each strategy, two operating points are reported: the configuration minimizing NRMSE (maximum accuracy) and the
configuration minimizing injection cost (lowest Ninj). Bold values indicate the best performance in each column

rare periodic injections decreases the frequency of error-triggered injections, but the last ones remain long as for
the two-threshold only approach (Ninj = 20). ε1 = 7.32 for optimal NRMSE · Ninj is also remains the same, but
ε2 = 4.56 becomes much lower. It creates a wide gap between the thresholds which is expected to longer the
stabilization sequences. However, as one can see on Fig. 6D, most part of them remains minimal and consists of
4 point, and Ninj = 5 with NRMSE = 0.0262, which is lower than for Fig. 4D. Therefore, we can conclude that
introducing sparse periodic injections allows to achieve the same or better accuracy of prediction with lower state
updates.

To provide a clear overview of the trade-offs between prediction accuracy and injection cost, Table 2 summarizes
the key performance indicators for all four strategies at their optimal operating points.

4 Conclusions

In this work, we systematically investigate and compare four strategies for coupling a trained RC model with real-
time observations from the chaotic Lorenz system: periodic injections, single-threshold error-triggered injections,
two-threshold hysteretic injections, and a combined approach. Our goal is to delineate the trade-offs between the
accuracy of the digital twin, quantified by the Normalized Root-Mean-Square Error (NRMSE), and the measure-
ment cost, quantified by the average number of data injections per 100 time steps (Ninj).

The key results are summarized in Table 2. Periodic injections provide a straightforward baseline: the lowest
NRMSE of 0.0182 is achieved with n = 11 (9 injections per 100 steps), while the minimal injection cost of Ninj = 3
is attained at n = 35 with NRMSE = 0.0272. Single-threshold error-triggered injections yield the overall best
accuracy (NRMSE = 0.0169) but require frequent injections (Ninj = 19), yet a balanced configuration achieves
nearly the same accuracy (NRMSE = 0.0170) with only Ninj = 5. Two-threshold hysteretic injections reduce
the injection cost further to Ninj = 4 at the expense of higher error (NRMSE = 0.0306). Finally, our proposed
combined strategy (sparse periodic injections with n = 150 plus two-threshold control) achieves NRMSE = 0.0262
with Ninj = 5, offering an excellent balance between accuracy and measurement cost. These findings provide a
practical framework for designing controllable digital twins under limited measurement budgets.

The composite metric NRMSE · Ninj introduced here provides a practical way to balance prediction accuracy
against measurement cost, which is particularly relevant for applications where observations are expensive, infre-
quent, or delayed (e.g., remote sensing, medical diagnostics, or industrial monitoring). Our results demonstrate
that a digital twin need not be continuously synchronized to remain useful; sparse, event-driven corrections can
maintain acceptable accuracy at a fraction of the update cost.

Several limitations should be noted. All results are obtained for the canonical Lorenz-63 system; generalization to
higher-dimensional chaotic systems (e.g., Lorenz-96 or real-world time-series) remains to be tested. Regarding the
influence of attractor topology, the two-sheeted nature of the Lorenz attractor causes abrupt inter-wing transitions
in autonomous RC predictions, making it an ideal case for demonstrating the necessity of data injections. For
systems with band-type attractors, such as the Rössler system, trajectory divergence is more gradual. Thus, we
hypothesize that while the qualitative trade-offs between NRMSE and Ninj would remain unchanged, the specific
error-triggered injection frequencies may differ depending on the attractor geometry. A detailed investigation of
other chaotic systems is a promising direction for future work. Additionally, our study assumes noise-free, full-state
observations. In practical settings, measurements are often noisy and partial, which would require extensions such
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as adaptive observer-based injections [24]. Finally, the thresholds ε1, ε2 were optimized offline; online adaptive
threshold tuning could further improve performance.
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