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Reservoir computing represents a robust machine-learning approach displaying high performance in predicting the
behavior of natural and artificial complex systems. However, its full potential has been so far hindered by the limita-
tions of traditional architectures. Here, we give the practical demonstration of the fundamental role that the specific
network topology may play in machine learning systems, and we propose a novel reservoir computer whose hidden
layer comprises nodes that form cliques of varying sizes. The result is a reservoir with far more advanced data rep-
resentation and processing capabilities, which consistently outperforms conventional architectures in tasks including
predicting stochastic neuron dynamics, modeling the evolution of chaotic systems, and reconstructing electroencephalo-
gram signals. Furthermore, our approach addresses a pivotal challenge in the physical implementation of reservoirs:
it mitigates the sensitivity to the choice of specific topologies, improving generality and facilitating the deployment of
more compact and efficient architectures. Through a systematic analysis, we elucidate the functional significance of
each topological element and offer practical design strategies.

Reservoir computing is a powerful machine learning I. INTRODUCTION
framework for predicting complex dynamics, yet its per-
formance is often limited by randomly wired hidden lay-
ers. In this work, we demonstrate that network topology
is not merely a technical detail but a fundamental deter-
minant of predictive capability. We introduce a reservoir
computer whose hidden layer is built from cliques (tri-
angles, tetrahedrons, and larger cliques) combined with
isolated nodes. This clique-based architecture consistently
outperforms traditional reservoirs across multiple bench-
marks: forecasting stochastic FitzZHugh—-Nagumo neuron
dynamics, predicting chaotic Lorenz and Rossler systems,
and reconstructing hidden EEG signals. Beyond accu-
racy, our design reduces sensitivity to random initializa-

Predicting the behavior of natural systems (such as weather
evolution, neural activity, and other physiological dynam-
ics) as well as engineered systems operating under uncertain
conditions (such as process controllers and power convert-
ers) is one of the most important problems at the intersec-
tion of nonlinear science and machine learning!. Reservoir
computing®> has emerged as a promising model-independent
machine learning paradigm that is well suited for predicting
the behavior of dynamical systems, even in the face of en-
vironmental uncertainties*®. A reservoir computer (RC) is
characterized by a resource-efficient training process, signifi-

tion, lowers memory requirements, and simplifies phys-
ical implementation. Using information-theoretic analy-
sis, we identify why certain cliques enhance performance
and provide practical guidelines for constructing efficient,
high-performance reservoirs with minimal connectivity.

cantly less demanding than deep convolutional networks, and
a simple architecture with a fixed hidden layer of interacting
neurons with predetermined connections. The deployability
and adaptability of RC methods has been demonstrated across
a wide range of scenarios, including electronic, mechanical,
optical, and biological systems, which have been successfully
used as physical computation platforms’. Even when deal-
ing with chaotic or complex spatiotemporal behaviors (hall-
marking some of the most significant challenges in predic-
tion), RCs have often provided predictions beyond the horizon
of other known methods in the literature. Moreover, recent
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work has validated the effectiveness of RCs in the context of
stochastic systems, successfully predicting the dynamics of a
FitzHugh-Nagumo stochastic neuron over different noise con-
trol parameters, including stochastic resonance effects®.

The core of the RC paradigm, shown in Fig. 1, is a neu-
ral network comprising three layers: an input layer that pro-
cesses the observed data g, a hidden layer of randomly inter-
connected neurons governed by nonlinear activation functions
¢, and an output layer. The hidden layer forms a random net-
work according to an adjacency matrix W, characterized by
an average node degree (k). To ensure stability, the hidden-
to-hidden adjacency matrix W is rescaled so that its spectral
radius (i.e., the absolute value of the largest eigenvalue) is
equal to a predefined value A. While the weights of the input-
to-hidden matrix G and the hidden-to-hidden matrix W are
randomly assigned at reservoir creation, the hidden-to-output
weights G are iteratively optimized during a training phase,
typically using regularized linear optimization, such as ridge
regression’, to minimize overfitting.

The theoretical foundations of reservoir computing are still
not fully understood, although several influential theoreti-
cal works have substantially clarified its underlying princi-
ples. Among the earliest and most important contributions,
Boyd and Chua showed that any causal time-invariant oper-
ator with fading memory can be approximated by a finite-
dimensional linear dynamical system followed by a nonlinear
readout. This result provides a conceptual template in which
linear internal dynamics are combined with a nonlinear read-
out function, a structure that closely anticipates what is now
known as reservoir computing'®. Building on this founda-
tional insight, Grigoryeva and Ortega demonstrated that echo-
state networks satisfy a universal approximation property for
all causal fading-memory filters, even when the reservoir is
finite-dimensional and the readout is purely linear'!. This line
of development was further extended by Gonon and Ortega,
who showed that ESNs retain universality in the L? sense for
stochastic inputs without requiring boundedness of the under-

lying processes'?.

In addition, Bollt addressed the question of why a reservoir
computer can work at all by analyzing a simplified model with
linear activation'3. He showed that such a reservoir is mathe-
matically equivalent to a vector autoregressive (VAR) model,
which brings reservoir computing directly under the scope of
the Wold representation theorem. Since the Wold theorem
guarantees that any stationary process admits a representa-
tion in terms of deterministic linear structure and a moving-
average innovation sequence, the VAR form provides a prin-
cipled explanation for why even a randomly constructed lin-
ear reservoir can reproduce meaningful short-term dynamics.
Bollt further noted that adding quadratic readout terms yields
a nonlinear VAR model, extending this connection to settings
that require capturing nonlinear behavior.

Although universality theorems for reservoir computing
require sufficiently large hidden-state dimension, practical
implementations often rely on much smaller reservoirs that
nonetheless achieve high accuracy; in such low-dimensional
settings, the influence of topology is no longer suppressed by
scale, making the specific connectivity structure a critical de-

terminant of the reservoir’s dynamics. Empirical studies show
that different topologies exhibit markedly different dynami-
cal properties. In particular, Dale et al. showed that differ-
ent reservoir topologies exhibit systematically different ranges
of attainable dynamical behaviors, with more structured net-
works displaying a more restricted behavioral repertoire com-
pared to architectures with higher connection complexity'4.
Kawai et al. found that adding long-range shortcuts to form
a small-world topology improves the echo-state property and
supports better signal propagation and prediction accuracy'.
Rathor et al. further showed that asymmetric random con-
nectivity provides the highest information-processing capac-
ity and outperforms symmetric and structured networks in
chaotic time-series forecasting tasks!'®. These results indicate
that reservoir topology plays a crucial role in practical imple-
mentations of reservoir computing.

Despite the broad utility of RCs, there remains a critical
challenge in designing optimal connectivity patterns within
the reservoir. The performance of RCs can vary widely de-
pending on the random configuration of the hidden layer!”,
fluctuating significantly even for a fixed choice of (k) and
A (referred to as hyperparameters in the RC jargon adopted
here). Recent works indicate that the optimal configuration
(where the internal reservoir dynamics achieve generalized
synchronization with the input signal g) can be identified by
tuning the hyperparameters (k) and A'®!°, but finding univer-
sal design rules or principles for this type of synchronization
state remains elusive?0—24,

Previously, the advantages of sparse reservoirs with small
number of connections have been previously discussed in?!.
We suggest constructing a specific topological architecture
based on predefined rules — namely, forming small all-to-all
connected groups (Q-cliques) of the fixed size Q based on the
initial adjacency matrix W: Q-clique in such case corresponds
to a principal submatrix of size Q x Q where all off-diagonal
entries are 1 (assuming no self-loops). Interaction inside
each clique is introduced via a mean-field principle. These
structures, such as triangles (3-cliques) and tetrahedrons (4-
cliques), provide a considerably richer framework for repre-
senting multi-node dependencies?. Fig. 1c illustrates the dis-
tinctions between edges (2-cliques), triangles (3-cliques), and
tetrahedrons (4-cliques). In this context, one can isolate all
Q-cliques in the hidden layer, as shown in Fig. 1b, and then
consider an RC, where the hidden layer consists of a com-
bination of Q-cliques and isolated nodes. Examples of such
reservoirs are one based on 3-cliques, shown in Fig. 1d, and
another with 4-cliques, shown in Fig. le. Both configurations
will be studied in detail below.

The results indicate that the introduction of such spe-
cific topological architecture markedly enhances the data-
processing capabilities of reservoirs. In particular, we demon-
strate that an RC system which contains only isolated nodes
and Q-cliques in its hidden layer (referred to henceforth as a
clique-based RC (CB-RC)) consistently outperforms conven-
tional RCs in several benchmark tasks, including predicting
the dynamics of stochastic neurons, predicting chaotic sys-
tems, and reconstructing hidden data from electroencephalog-
raphy (EEG) recordings. It is also noteworthy that CB-



AlIP
é/_. Publishing

Clique-based Topology Enhances Reservoir Computing Performance 3

hidden-to-hidden
tensor

input-to-hidden
matrix

/Training \\\

\ "
N\ / AN
| —e \ N
i \ X\
o \ N~
N | o
\ | ~

gtl N\ PredictionT SN

e hidden layer state h

hidden-to-output

edges
(2-cliques)

triangles tetrahedra
(3-cliques) (4-cliques)
d e

FIG. 1. Reservoir computer for predicting temporal dynamics with traditional topology and cliques with all-to-all connected nodes in
the hidden layer. (a) A traditional RC processes time series data as a vector g with dimension K. In the training mode, the feedback loop is
open, whereas in the prediction mode the output is fed back to the input. (b) Structure of the hidden reservoir layer as an artificial recurrent
neural network with traditional topology. (¢) Examples of cliques with different size: edges (2-cliques, black), triangles (3-cliques, yellow),
and tetrahedrons (4-cliques, blue). (d) Formation of the hidden layer containing 3-cliques and a set of isolated nodes. (e) Formation of the

hidden layer containing 4-cliques and a set of isolated nodes.

RCs exhibit a reduced dependence on specific interconnection
topologies and memory usage, simplifying the physical imple-
mentation, particularly in hardware-constrained environments
such as low-power integrated circuits. Through a comprehen-
sive examination, we map the functional role of each topolog-
ical component within the hidden layer, leading to a practical
design strategy. In the following sections, we consider three
benchmark problems, namely predicting the dynamics of the
FitzZHugh-Nagumo stochastic neuron®, predicting the evolu-
tion of the Lorenz and Réssler chaotic systems!”?%%7 and re-
constructing hidden data from EEG recordings of human brain
activity.

Il. RESERVOIR COMPUTERS WITH CLIQUE-BASED
TOPOLOGY

As illustrated in Fig. 1, the reservoir computing paradigm
involves feeding input data g into a high-dimensional network
of N interconnected nodes. This network, or reservoir, gener-
ates a state vector h, which is subsequently transformed into
an output g that attempts to closely approximate the desired
output z. The connections between nodes, represented by the
adjacency matrix W, are randomly assigned and remain fixed

throughout the process. The input data g is introduced into the
reservoir through an input layer characterized by fixed random
coefficients, denoted by the matrix G. The final output g is
generated in the output layer using the matrix G, whose coef-
ficients are fine-tuned to reproduce the desired output state z
as accurately as possible.

The reservoirs under consideration operate as discrete dy-
namical systems, with their dynamics represented by>

W =F(g ' W W,G) "
g=U[lG),

where F' is the vector field governing the dynamics within the
hidden layer, and U is the output function encapsulating the
functional couplings between the reservoir variables. Once
the vector field F, the output function U, and the matrices W
and G are established, the RC is ready to perform learning
tasks.

For the specific problem of discrete time series forecasting,
represented by Z', the learning process involves the formula-
tion of an optimization problem. This problem seeks to deter-
mine the optimal coefficients of the output matrix G, with the
goal of minimizing the loss function, which is defined as the
L, error between the estimated states g and the target states
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z':

Topt
L=} (lUM.G)-Z[*+R(G)), 0
=1
where R((}) represents the regularization term, and Topy is the
length of the time interval during which the optimization is
performed.

Accordingly, two modes of operation can be distinguished.
In the first mode, the training phase (during which the switch
in Fig. lais set to "training"), the input signal g’ = Z’ is fed to
the RC and the corresponding output ! is generated. Dur-
ing this phase, the output layer G is trained by numerically
solving the optimization problem described in Eq. (2). Af-
ter the training phase, the prediction phase begins (with the
switch in Fig. 1a set to "prediction"), during which the RC au-
tonomously predicts the time series. The same reservoir equa-
tions [Eq. (1)] are applied during this phase, using the output
layer weights G determined during training.

To summarize, each node i € (1,...,N) in the network re-
ceives inputs from the other nodes j € (1,...,N), with i # j
and from the input layer. The connections between nodes i and
Jj in the hidden layer are defined by the weights @;;, which are
encapsulated in the adjacency matrix W. As mentioned above,
the accuracy achievable by the RC is significantly affected by
the topology of the hidden layer, i.e., the structure of the ma-
trix W.

In traditional RCs, the fixed hidden layer matrix W is typ-
ically generated as a random network with a predetermined
density, corresponding to an average node degree (k). Each
link between nodes is assigned a pairwise coupling strength
®;j, which is randomly chosen within the interval [0, 1] (see
Fig. lab). To ensure the stability of the network, the adja-
cency matrix W is rescaled so that the spectral radius, defined
as the magnitude of the largest eigenvalue, is equal to a given
value A. This approach results in a random matrix W char-
acterized by hyperparameters ((k),A). A necessary prepara-
tory step is the optimization of the hidden layer of the reser-
voir, which involves identifying the optimal values for the hy-
perparameters, denoted as ((k)o, o), by applying techniques
such as parameter sweeping or iterative search algorithms. It
is important to note that each attempt to generate a matrix
W for a given pair of hyperparameters ((k)o,Ao) results in a
new random matrix, which can lead to significant fluctuations
in performance. Currently, this problem is largely addressed
empirically: multiple RCs are generated and trained, and the
best-performing candidates are then selected!”-?!.

In the following, we propose an algorithm for constructing
a reservoir computer with clique-based topology. The process
begins by generating a parent random network determined by
the hyperparameter (k), as is done in conventional RCs (see
Fig. 1). This step results in a random binary undirected graph
C, described by an adjacency matrix with elements ¢;; = 0, 1.

Next, we define the dimension Q, where Q = 2 corresponds
to a link — clique of 2 nodes. Using the algorithm proposed
in Ref.?® to identify all cliques of size Q in the undirected
graph C [see Section A 3], we identify all cliques with size Q
(the so-called Q-cliques). As a result, the nodes in the graph

representing the hidden layer are divided into two subsets: (i)
the set Z of nodes that form Q-cliques, and (ii) the set .# of
nodes that are not part of any Q-clique. We then focus on
a network consisting exclusively of the identified Q-cliques
and the set .# of isolated nodes. Figures 1d, e illustrates this
partitioning process for networks divided into the 3- and 4-
cliques and isolated nodes, respectively. The total number of
nodes in the hidden layer remains unchanged, equal to N, as
in the case of traditional topology.

In the last step, we construct the adjacency tensors W< to
represent the topology of the hidden layer with Q-cliques.
In general, Q-cliques are encoded in the adjacency tensors
W€ in such a way that if a Q-cliques consists of the vertices
(qo,---,490). the corresponding tensor element a)(%qu is set
to 1, otherwise 0. For example, the interactions correspond-
ing to 2-, 3-, and 4-cliques are encoded in the adjacency ma-
trix W2 and the adjacency tensors W3 and W*, respectively.

Specifically, a)l.zj = 1 if there is a link between nodes i and j,

a)fjk =1 if there is a triangle formed by nodes i, j, and k, and

a);‘jkl = 1 if there is a tetrahedron formed by nodes i, j, k, and

I. The coupling strength values for non-zero tensor elements
a)qQO‘_‘q,Qf1 # 0 are randomly chosen over the interval [0, 1].

To ensure the stability of the network, the adjacency ten-
sor W€ is again rescaled so that the spectral radius of the
new adjacency tensor W€ (the largest absolute eigenvalue ob-
tained from the eigendecomposition of the flattened tensor®®)
is equal to A, with

o A
W = —we 3
PR 3)

where A is the initial spectral radius of the adjacency tensor
Wwe.

It follows that, in the case of the clique-based reservoir
computer (CB-RC) with clique’s size O, the dynamical sys-
tem in Eq. (1) is written as

N q0-1
1
r_ ol 0 =1
hi =0 ZG;,&‘F@Z Z wil]l---qQ—l Z hS ’
j=1 q1 q0-1 $=4q1
———
0-1
4
N ~ ~
g=Y Guhi, i=1..N, k=1..K, (5
=1

where K is the number of forecasted signals in the CB-RC.
The function ¢(-) in Eq. (4) represents the nonlinear activation
function of the neurons in the hidden layer, applied element-
wise to the corresponding state variables A;. Although the spe-
cific reservoir dynamics illustrated in Eqs. (4)—(5) are based
on examples from previous studies®?, it is important to note
that various alternative schemes have been proposed to de-
scribe RC dynamics in different contexts>3-3%-31,

The first term in parentheses in Eq. (4) corresponds to the
signals from the input layer, while the second term generalizes
the traditional reservoir equations to the case of Q-cliques in
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the hidden layer. It should be noted that in the case of Q =
2, Egs. (4) and (5) reduce to the equations of the traditional
RC. The constructed adjacency tensor W€ (see also Figs. 1d
and e) in Eq. (4) describes the dynamics of a CB-RC with
N nodes, which are divided into two subsets: (i) the set &
containing D nodes forming cliques of Q nodes, and (ii) the
set .# containing / isolated nodes, where / + D = N. For the
isolated nodes in .#, the second term in Eq. (4) is equal to
zZero.

Eq. (5) provides an estimate of the predicted vector g at
time ¢ using a readout hidden-to-output matrix, G. The N-
dimensional vector b’ in Eq. (5) represents an augmented hid-
den state, where each component is defined as i} = A% if i is
odd, and 7} = (h.)? if i is even. This augmentation, which
squares the hidden state in half of the nodes, increases the dy-
namical complexity of the CB-RC?32.

As shown in Fig. l1a, during the training phase, the input
signal g’ = 7' is fed to the RC and the corresponding output
signal g is obtained. To train the output layer G, the L, er-
ror is minimized according to Eq. (2). This is achieved us-
ing ridge regression’, which serves to mitigate the problem of
overfitting by imposing a penalty on the fitting parameters if
they are too large. In this case, the term R(G) in the optimiza-
tion problem is represented as R(G) = B||G||?, where f3 is set
to 10~* as the L, error regularization hyperparameter. Once
the training phase is completed, the prediction phase uses the
CB-RC equations described above [see Egs. (4) and (5)] with
the selected hyperparameters and the output layer weights G.

To evaluate the prediction accuracy, the root mean square
error (RMSE) is calculated as follows

Tpred

Y g 717, (6)

Tpred (=

RMSE =

where Tpreq is the duration of the prediction time interval.

I1l. FORECASTING THE STOCHASTIC
FITZHUGH-NAGUMO NEURON DYNAMICS

A. Problem specification

As a benchmark problem, we first consider the problem
of predicting the dynamics of a stochastic FitzHugh-Nagumo
(SFHN) neuron. This is a particularly challenging case, where
the emergent properties of the deterministic nonlinear dynam-
ics are simultaneously perturbed and enriched by the stochas-
tic component®3. The system equations are as follows:

3

i=x— % —y+a, y=0.08(x—0.8y+0.7)+DE(r), (7)
where x and y denote the excitation and recovery variables.
The stochastic term & (¢) is a zero-mean white Gaussian noise
with an autocorrelation function (&(#)&(r + 7)) = 8(7), and
D denotes the noise intensity. The parameter a plays an im-
portant role in determining the equilibrium points and, conse-
quently, the excitability threshold of the neuron. In this study

we focus on the excitable regime, specifically the pre-critical
state that undergoes a Hopf bifurcation at a ~ 0.3218, where
the neuron remains free of self-sustained oscillations. We thus
set a = 0.3, a value that falls within the excitable range. With
this configuration and in the absence of noise (D =0), the
system reaches a steady state. As the noise intensity D in-
creases, spike generation occurs, with the spike characteristics
becoming increasingly dependent on the noise intensity. For
consistency with our previous work, we set D = 0.058.

The essential features of the RC are consistent with those of
our previous work, which demonstrated the successful predic-
tion of the dynamics of a stochastic FitzHugh-Nagumo neuron
model using a reservoir with traditional pairwise interactions
in the hidden layer®. The architecture of the network is shown
in Fig. 2a.

First, the model has three inputs, which determine the
SFHN dynamics: a noise term, DE’, which excites the neuron,
and a two-component input signal vector, z(t) = (x(¢),y(¢))7T,
which contains the dynamic variables of the model. For gener-
ality, we denote the input vector as g(t) = (D& (1),x(t),y(¢))T.
Since it is not possible to predict the noise, the output layer
contains only two outputs®, corresponding to the vector §(¢) =
(%(0),5(1))T

Second, a distinctive aspect of our RC configuration is the
complete segregation of reservoir inputs between different
neurons within the hidden layer. Fig. 2a illustrates that each
input within the reservoir is connected only to a specific sub-
population of hidden layer neurons, specifically to one-third
of them, highlighted in the corresponding color. The input
vector g(¢) influences the internal high-dimensional hidden
state h’ of the RC with dimension N = 3n (where n € N
is a member of the set of natural numbers excluding zero).
The coupling of the input to the hidden state is mediated by
the input-to-hidden matrix G, which is an N x 3 matrix with
elements taking the values

o if 1+(j—1n<i<jn,
Gii= ! - 8
! {O otherwise, ®

where the values §; ; are uniformly sampled from the interval
[—1,1], and the index j € (1,2,3). In other words, the external
noise corresponding to the first component of the input vector
(j=1) affects the first n neurons of the hidden layer of the
RC with weights 6; 1, the variable x (j = 2) affects the next
n neurons with weights &; 2, and the variable y (j = 3) affects
the remaining » neurons with weights 6; 3.

Third, the hidden-to-hidden tensors W€ are created accord-
ing to the algorithm described in Section II. As an illustra-
tive example, Fig. 2b shows the typical structure of the hidden
layer in the case of Q = 4, containing both 4-cliques and iso-
lated nodes. Each storage node A; also has an output, which
can be described by the Eq. (4). Here we have employed the
hyperbolic tangent, denoted as ¢(-) = tanh(-), as the activa-
tion function.

Fourth, given Eq. (5) with the extended hidden state h , the
output vector g is calculated by a readout hidden-to-output
matrix, denoted as G. Since the output vector § = (¥, )T has
only two components, the output matrix G is a 2 x N matrix
with trainable weights.



AIP

f//_. Publishing

Clique-based Topology Enhances Reservoir Computing Performance 6

hidden-to-hidden
pair-wise matrix

input-to-hidden
matrix =~ e matrix

hidden-to-output

hidden-to-hidden
tensor W

00 Fhi
gt-1 G G
DE;H . Et . . O:OO. .
t-1
, > @~— ; ¢ © —>
Zt1‘§f¥t,1o ﬁ ot | "% o &). ®o
O
P
" raining 7 Y

\ %
\ s
2 . - 1
\ 4
\
/
\ \
o \ -
\ \ ~—o
N |
1 /

g’ \PredictionT hidden layer state h

isolated ;
4-clique
b ©e0 vertices $ a

FIG. 2. Schematic representation of a reservoir computer with fully separated inputs for predicting stochastic neuron dynamics. (a)
General operational scheme of the reservoir computer in training and prediction modes. Color denotes the different inputs and their segregation
in the hidden layer: the red, green, and orange nodes represent neurons that receive influence from the stochastic input &, the x variable, and
the y variable, respectively. (b) Transition to a hidden layer that is endowed with a set of 4-cliques and a set of isolated nodes.

In the fifth step, the input signal g’ in the training mode,
which includes the driving noise D&’ and the SFHN neuron
signal 7', is fed into the input of the RC, and the corresponding
output signal &' is obtained. To train the output layer g, the L,
error between the target states z'*! and the estimated states
g +1 according to Eq. (2), is minimized with T,pe = 20000.

Finally, following the training phase, the prediction phase
is initiated, during which the RC attempts to autonomously re-
produce the stochastic neuron dynamics, as shown in Fig. 2a.
In the prediction phase, the same CB-RC equations described
above [see Egs. (4) and (5) with the above hyperparameters]
are employed, with the previously determined output layer
weights G. However, the input vector & ! now consists of
the calculated output vector g from the previous step, while
the external noise (noise from the first input g{ = D& (r)) con-
tinues to drive the CB-RC, which then retains a continuous
stochastic influence.

B. Increased prediction accuracy

Four configurations of CB-RC are studied, differing only
in the topology of the hidden layer (the adjacency matrix or
tensor W9). Specifically, we consider the cases of four sizes
of the cliques, Q: (i) Q = 2, which represents a conventional
reservoir with traditional topology (a system previously stud-
ied in Ref. 8), (ii) Q = 3, corresponding to a set of triangles
(3-cliques) and a set of isolated nodes, (iii) Q = 4, where a set
of tetrahedrons (4-cliques) and a set of isolated nodes, and (iv)
Q =5 with a set of pentachorons and a set of isolated nodes
are present. The architecture of the input and output layers
and the procedure for training the output weights are identical

for the three cases.

With respect to the hidden layer, its size is the same in
all three cases (N = 501), implying that the number of hid-
den neurons connected to each neuron from the input layer is
n = N/3 = 167. For each CB-RC with clique’s size Q, the
average node degree (k) was varied in the range [2,20] for
0 = 2,3,4 and in the range [25,43] for Q = 5 with a step size
of 1, and the spectral radius A was varied in the range [0.5,1.9]
with a step size of 0.1 for all Q. The prediction accuracy de-
pends on the given set of hyperparameters and the particular
topology of the connections within the internal layer. To ac-
count for this, we generated ten random topologies for each
set of hyperparameter values, resulting in 2,850 instances of
CB-RC with a specific clique’s size Q but different hyperpa-
rameters and link topologies. The resulting individual reser-
voirs were trained on the same stochastic neuron data, and
the RMSEs according to Eq. (6) were computed to evalu-
ate the prediction quality of each. Fig.3a shows the distri-
butions of prediction accuracy (RMSE values) for four types
of reservoirs: a traditional reservoir with traditional topology
(@ =2), and CB-RCs with triangles (Q = 3), tetrahedrons
(Q =4), and pentachorons (Q =5). It can be observed that
the distribution shifts monotonically to the left, i.e., towards
smaller RMSE, with increasing clique’s size Q.

Fig. 3b shows the time series of the predicted signal
X(t), the target signal x(¢), and the prediction error A(¢) =
x(t) — %(z) for the reservoirs with the best (minimum RMSE)
and low (RMSE corresponding to the mean of the distribution)
prediction accuracy for the traditional reservoir with Q = 2
and the CB-RC with Q = 4. In the best case, the predicted
and target signals are almost indistinguishable. The predic-
tion error is more informative and is influenced by small de-
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FIG. 3. Prediction accuracy for RC with clique-based topology. (a) Distributions of prediction accuracy (RMSE values) for the four
considered types of RC: a traditional reservoir with traditional topology (Q = 2), and CB-RCs with triangles (Q = 3), tetrahedrons (Q = 4),
and pentachorons (Q = 5). The vertical lines denote the fifth percentile of the RMSE distributions, representing the best predictions. (b) Time
series of the target signal x(¢), predicted signal %(¢), and prediction error A(z) for the RCs with the best prediction quality (minimum RMSE)
and with the low prediction quality (mean value of the RMSE distribution) for Q =2 and Q = 4. (¢) RMSE values for the top 5% (dots on the
left) of the RCs, represented by the dots on the left, and a box-and-whiskers plot (on the right) of this set of RMSE values across four different
values of clique’s size Q. The arrows in panel (c) indicate the two best reservoirs in terms of minimum RMSE. In the boxplot, the horizontal
line represents the median, and the dot represents the mean value of the distribution.

viations in the spike onset times. In particular, the RMSE for
the case of Q = 4 is more than four times smaller than that of
the traditional reservoir with Q = 2. This is also clearly vis-
ible on the A(#) plot. On the other hand, macroscopic errors

in the predicted spike sequence are visible for low prediction
accuracy, although the RMSE remains consistently lower for
the RC with cliques. In summary, it is evident that the transi-
tion to the RC with clique-based topology results in generally
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FIG. 4. The number of cliques with different size Q = 2, 3,4
required to achieve a given target forecasting accuracy (RMSE
value). The x-axis represents the target RMSE value, while the y-
axis shows the mean number of cliques (& SD) needed to meet that
RMSE threshold. The data were obtained by binning the RMSE
values from all simulation runs into intervals of ARMSE=0.05.
The zoomed-in panel for Q = 4 highlights that high accuracy
(RMSE<0.075) is achievable with only a few cliques.

increased prediction accuracy.

To illustrate this situation more clearly, we selected the fifth
percentile of the RMSE distribution, representing the 5% best
RCs in terms of minimum RMSE, for each clique’s size Q.
The corresponding percentiles are highlighted in Fig. 3b by
vertical dashed lines and light colored points. Fig.3c shows
the individual RMSE values for each of the top 5% of RCs,
represented by dots on the left, and the box-and-whiskers plot
of this set of RMSE values, shown on the right. It can be
seen that the reservoirs in which the hidden layer is equipped
with all-to-all connected structures offer significantly higher
prediction accuracy compared to the reservoir with traditional
topology. Furthermore, an additional, albeit smaller, increase
in accuracy is evident when the clique’s size is increased from
Q =3 to Q = 4. Further increasing of Q up to 5 does not lead
to any significant changes: accuracy remains almost the same
as for Q = 4.

However, increasing the clique’s size Q also leads to an-
other notable consequence: a rapid decrease in the number of
cliques required to achieve a given accuracy as measured by
RMSE. This phenomenon is illustrated by Fig. 4, which shows
the number of cliques with size Q in the CB-RC hidden layer
for different clique’s size Q = 2, 3, and 4 (see Appendix A
for details). To construct this plot, we discretized the RMSE
values from all 2,850 simulation runs into intervals of 0.05
and calculated the mean number of cliques corresponding to
each RMSE threshold. It can be observed that the number of
cliques shows a minimal dependence on the accuracy (RMSE

TABLE I. Structural characteristics of reservoirs with different clique
sizes Q. Mean values and standard deviations (std) are presented. P-
values were obtained using the Mann-Whitney test (two-tailed).

Measure Q=2 Q=3 Q=4 p-value
mean std mean std mean std Q=2vs Q=3 Q=2vs Q=4 Q=3 vs Q=4
Clustering coefficient 0.013 0.003 0.025 0.006 0.068 0.023 < 0.001 < 0.001 < 0.001

Transitivity 0.059 0.012 0.092 0.012 0.508 0.239 < 0.001 < 0.001 < 0.001
Modularity 0.178 0.022 0.630 0.289 0.823 0.091 < 0.001 < 0.001 0.005
EDF 453.1 50.5 300.7 166.7 193.5 115.8 < 0.001 < 0.001 < 0.001

value), but a strong dependence on the clique’s size Q. There-
fore, it is difficult to realize the RC on traditional topology or
3-cliques with high accuracy. The highest achievable accuracy
of RMSE < 0.075 is obtained using an CB-RC with cliques of
size 4. In this case, the number of components required is min-
imal, averaging about 30 4-cliques. At RMSE ~ 0.125, com-
mon links are insufficient to achieve the required prediction
accuracy for an RC; the average number of 3-cliques required
is about 8,000, while the number of 4-cliques is less than 150.
At lower prediction accuracies, the ratio between the num-
ber of links and cliques is such that the required number of
3-cliques is approximately 1.6 times smaller than the num-
ber of common links, and the required number of 4-cliques is
approximately 50 times smaller than the number of common
links.

To clarify the functional role of our design, we also an-
alyzed how the proposed construction parameter Q changes
the structural characteristics of the reservoir graphs. We com-
puted standard network measures and observed a statistically
significant increase in the clustering coefficient, transitivity
and modularity and decreasing effective degrees of freedom
(EDF) as Q increases from 2 to 3 and 4 (Table I).

By extracting fixed-size cliques from the initial dense net-
work, the reservoir topology consistently shifts toward a more
locally organized and modular structure!*34. This is reflected
in an increase in the clustering coefficient and transitivity, that
is, an increased proportion of triangles and short connection
cycles, as well as in increased modularity. From a dynamic
perspective, increased clustering means that the influence of
an input persists in the vicinity of connected nodes over sev-
eral subsequent steps, forming short-lived traces of activity
and maintaining short-term memory without requiring global
signal propagation throughout the network !>,

It’s important to emphasize that this reorganization acts as
a structural regularization of the reservoir. Due to more pro-
nounced local organization, the states of nodes within clusters
become more consistent, and the state space becomes more
structured. A decrease in EDF indicates that the representa-
tion is becoming more compact: multiple reservoir states con-
tribute similar information and therefore do not increase the
effective complexity of the linear reader! %1136,

With further increases in order, modularity becomes exces-
sive, and the network increasingly fragments into weakly in-
teracting substructures. Despite the fact that input is fed to
all nodes, the emerging modules form partially autonomous
dynamics that are less well coordinated with each other. In
this regime, local short-term activity traces cease to be effec-
tively combined into a unified representation, and structural
regularization devolves into excessive localization, leading to



Clique-based Topology Enhances Reservoir Computing Performance 9

a decrease in prediction quality at higher orders, despite con-
tinued growth in clustering'+37.

Our results can be summarized as follows. (i) As illustrated
in Fig. 3, we observe a significant increase in accuracy (de-
crease in RMSE value) when moving from traditional topol-
ogy (Q =2) to triangles (Q = 3), while moving to tetrahe-
drons (Q = 4) gives a marginal further increase in accuracy.
(i) As can be seen from Fig.4, the number of cliques in
the hidden layer needed to achieve a given accuracy thresh-
old (RMSE) decreases by a factor of 1.6 when transitioning
from traditional topology to triangles, and then drastically de-
creases by a factor of about 30 when moving from triangles
to tetrahedrons. The results suggest that, in terms of accuracy
and number of cliques in the hidden layer, it would be ben-
eficial to reconsider the architectural approach used in con-
structing the hidden layer of RCs, incorporating fully con-
nected components with size Q = 4. As we have shown on
Fig. 3c, increasing Q from 4 to 5 does not improve the predic-
tion quality of the RC, and the maximum accuracy is achieved
for Q =4. So, the CB-RC with 4-cliques is optimal in terms of
both prediction accuracy and the small number of fully con-
nected components required. It is unclear whether an opti-
mal clique’s size would be related to the dimensionality of the
phase space of the input data. Further investigation is required
to tackle this issue.

C. Efficiency of CB-RCs in terms of topological and
information characteristics

Let us now examine the features and mechanisms under-
lying the enhanced RC operation in the presence of fully
connected components. For this purpose, we focus on the
two most efficient CB-RCs with Q = 4 and minimal RMSE
(marked by red and blue arrows in Fig. 3b for Q = 4). Fig. 5a
illustrates the topology of the hidden layer of an RC based
on the aforementioned principles. The topology is fundamen-
tally different from that of a traditional RC. First, as men-
tioned above, there are many isolated nodes in the hidden
layer, specifically I} = 354 in the first RC and I, = 456 in
the second RC. This is due to the relatively low value of (k),
which limits the density of links and results in many nodes
not being part of cliques. Second, the number of cliques
formed is relatively small, with Np; = 58 for the first reser-
voir and N, = 12 for the second, and the number of nodes
forming these cliques is considerably smaller than the number
of isolated nodes, with D = 147 and D, = 45. Moreover, the
cliques are organized into several unconnected components,
enumerated in Fig. 5a as 1,2,...,10. The most efficient RC,
giving the absolute minimum RMSE, is observed to have a
giant connected component 1 containing 38 cliques and nine
other components containing small numbers of cliques. For
the second most accurate CB-RC, the hidden layer is mainly
composed of single unconnected cliques, except for compo-
nent 3, which contains three cliques.

How would the proposed hidden layer architecture deliver
a performance benefit? To answer this question, we consider
its constituent elements separately. For comparison, Fig. 5b

shows the signals obtained by excluding different parts of the
internal layer. The top two time series correspond to the signal
of neuron x(¢) (green line) and the signal %(¢) (red line) pre-
dicted by the CB-RC with the topologies depicted in Fig.5a.
What is the role of the isolated nodes? To answer this ques-
tion, we can exclude all the cliques from the hidden layer and
train the RC using only the isolated nodes. The resulting time
series realization, xin(#) (blue color), is shown in the third
panel of Fig. 5b. It is clear that the reservoir based only on
isolated nodes learns to reproduce the spike shape quite well,
generating a sequence of spikes at the output, but whose order
does not correspond correctly to that in the predicted neuronal
signal x(¢). Thus, we conclude that the RC with cliques sep-
arates the processing of information for prediction. We pos-
tulate that a significant number of isolated nodes reproduce
the shape of the spike, while the connected network compo-
nents containing the simplices ensure the precise timing of
generation for these spikes through enhanced integration and
processing of the input information, including the processing
of the noise signal D&’ within the simplices, where the infor-
mation from each node is averaged according to Eq.(4). A
comprehensive study of these representation mechanisms is
reserved for future studies.

What is the role of each component in increasing the accu-
racy of the prediction of the system dynamics? To answer this
question, we apply the following procedure. We iteratively
remove each component, retrain the output weights, and eval-
uate the prediction accuracy by calculating the RMSE of the
reservoir with the remaining components. The left panels of
Fig. 5c¢ show the RMSE value of the prediction accuracy of
the CB-RC when the corresponding component is removed.
If the RMSE value is relatively small and comparable to the
prediction accuracy of the original CB-RC with all compo-
nents, this would indicate that the component in question does
not have a significant influence on the overall prediction accu-
racy. Conversely, if the RMSE increases significantly when
the component is removed, it can be inferred that the compo-
nent contributes to effective prediction and should therefore
be considered influential. In Fig. 5c, all the components are
ranked based on their influence, quantified by the magnitude
of the increase in RMSE observed when a given component is
removed. It can be seen that there are only a few influential
components in both reservoir configurations, three in the first
case and only one in the second.

Concurrently, the alterations in entropy characteristics
(Sz/5%.5%/89) are estimated for each component as illus-
trated in Fig. Sc (right panels in both columns). Here, Sg
represents the redundant entropy, while Sg denotes the syn-
ergistic entropy333°. The superscript “0” denotes the case of
isolated nodes (absence of links), whereas the superscript “*”
denotes the case of presence of links [the detailed descrip-
tion of calculating the entropy measures is presented in A 5].
In the context of networks, redundancy refers to information
duplicated across many network nodes, such that the same in-
formation could be obtained by observing any of the nodes. In
contrast, synergy refers to information that is accessible only
by considering the joint states of multiple nodes, rather than
simpler combinations of sources. The color of the circles in
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FIG. 5. Characteristics of the two most efficient CB-RCs with 4-cliques. (a) The topologies of the hidden layer of the two most efficient
CB-RC with 4-cliques (marked by red and blue arrows in Fig. 3b). The color of each node, as in Fig. 2a, denotes the reservoir input to which
it is connected: red nodes receive the noise DE?, green nodes receive the variable x' and orange nodes receive y'. The hyperparameters are
A1 =19, (k); =13 and A, = 1.9, (k) = 10. (b) The x(¢) time series of (1) the predicted (target) signal of a stochastic neuron, (2) a trained
reservoir with / isolated nodes and Ny cliques including D nodes, (3) an RC with only isolated nodes remaining and all cliques removed, and
(4) an RC with all isolated nodes remaining and the best-performing clique. (¢) The left panel in both columns shows the RMSE value of the
prediction accuracy of the CB-RC when the component is removed. The components are ordered by their influence, namely, by the magnitude
of the increase in RMSE when a given component is removed. The right panels in both columns illustrate the changes in entropy characteristics
(Sfe / Sg,S; / Sg) The color of the circles corresponds to the RMSE value when this component is removed. The dashed lines indicate the most
influential components, whose removal has the greatest impact on the accuracy of the CB-RC prediction. Compared to isolated nodes with
the same inputs, these components are characterized by the smallest increments of redundant entropy and synergistic entropy measures during

component formation.

Fig. 5c corresponds to the RMSE value when this component
is removed (see the color bars in Fig. 5¢). These RMSE val-
ues correspond to the values shown next to each other in the
left panels in Fig. Sc. It can be observed that the most influ-
ential components of the hidden layer, whose removal signif-
icantly affects the accuracy of the CB-RC prediction, exhibit
the smallest increments of redundant entropy and synergistic
entropy measures during component formation compared to

isolated nodes with the same input influences given by the cor-
responding elements of the matrix G. Thus, in both examples
under consideration, there is one influential component that is
distinguished by simultaneous minimum values of Sj/ S% and
S%/S%, which fall within the approximate range of [0.6,1.0].
At the same time we should note, that other cliques with sim-
ilar entropy ratios are far less significant. Thus, we observe
a one-way correlation between a clique’s importance and its
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entropy: while most significant cliques have entropies within
certain ranges, having such entropies does not guarantee sig-
nificance.

Can a viable reservoir be constructed using only isolated
nodes and the most important component? Fig. 5b (bottom
panel) illustrates this situation, where a reservoir configura-
tion includes only the first most influential component and
isolated nodes. In this case, the prediction accuracy is lower
than a reservoir comprising the complete set of components
but still acceptable and higher than in the case of a reservoir
with traditional topology. It is important to note that in the
second case, the first component is a 4-clique, and the pre-
diction accuracy is considerably higher compared to the first
case, where a complex component harbors a large number of
cliques.

In light of these results, we hypothesize that it is possible to
purposefully design a CB-RC based on a single Q-clique and
an appropriate number of isolated nodes in the hidden layer.
This proposition will be elaborated in the next section.

D. Designing a CB-RC based on a single O-clique

Fig. 6 illustrates the flowchart for designing a CB-RC con-
taining a single Q-clique. First, we choose the size of the
hidden-to-hidden reservoir layer, which contains N =1+ Q
nodes, among which 7 isolated nodes and Q nodes form a Q-
clique. Second, we generate different configurations of the
Q-clique. These include different input variables affecting the
nodes forming the Q-clique, as well as different weights of the
input-to-hidden matrix G describing the effects of the inputs
on the Q-clique nodes. Third, we compute the change in the
entropy characteristics (S;ke / S%,Sgi / Sg) and find the variant of
the Q-clique that is characterized by the minimum change in
the entropy characteristics. We then train the corresponding
reservoir (i.e. the one with the identified Q-clique). Another
possibility is to minimize the number / of isolated nodes in the
reservoir, possibly by an iterative approach (illustrated in the
last box of the flowchart in Fig. 6), while retraining the initial
nodes, as long as the CB-RC prediction accuracy RMSE(J)
remains acceptable for the problem at hand.

We will now apply this approach to the benchmark for pre-
dicting stochastic neuron dynamics introduced in Section III.
We consider a reservoir designed a priori as a single 4-clique
in combination with a set of I = 500 isolated nodes. We eval-
uate the feasibility of an approach to optimal clique selection
based on the study of the entropy characteristics of individual
cliques. For this purpose, 1,200 CB-RCs based on a single
4-clique were randomly generated. This involved selecting
four nodes within a reservoir hidden layer at random and their
connection into a 4-clique with random link strength from
a uniform distribution [0.5,2.5]. The set of input links was
fixed and selected from the top two CB-RCs with 12 cliques.
For each reservoir generated, the entropy characteristics of
the clique and the root mean square error (RMSE) are calcu-
lated. The 5% of the reservoirs with the lowest RMSE values
were selected as the best performing reservoirs (threshold of
RMSE = 0.18). Fig. 7a illustrates the distribution density of

the entropy features for the selected top 5% clique configura-
tions. It can be observed that the majority of CB-RCs with
high classification quality have values of Sj/S% and S%/S9
within the range (0.6,1.4). This suggests that any clique can
be chosen as a working clique in an RC with such entropy
change characteristics.

Based on the found optimal values of S;/S% and S%/S9
we suggest an algorithm to faster construction of optimal
RC’s topology with only one fully-connected component and
a number of isolated nodes which produces the desired RMSE
which was chosen as 0.18. Standard algorithm will be as fol-
lows: (i) obtain hidden state of RC which consists of only
isolated nodes; (ii) randomly create a Q-clique and obtain the
corresponding signals from Q hidden neurons; (iii) train the
model; (iv) test the model; (v) compare the resulting RMSE
with the desired one and finish the algorithm or return to step
(i1). We suggest to add an intermediate step (iia) “calculate
the entropy measures and check for inclusion in the optimal
range”, which plays the role of filter: we chose the cliques
with the desired entropy measures and train and test the RC
with only them. The calculation of the entropy measures takes
only 0.716 +0.067 seconds (over 10000 iterations) while to
perform the regression for model training and then test it we
need to spend 5.14+0.414 seconds (over 3000 iterations). We
test the two approaches for Q = 4 for 10 random seeds and
find that our algorithm is on average 1.72 times faster than the
standard one.

We then investigated the issue of CB-RC prediction accu-
racy as the number / of isolated nodes decreases. The results
are visible in Fig. 7b, which shows that the initial number of
isolated nodes was excessive, with a significant proportion be-
ing redundant. The prediction accuracy remains relatively sta-
ble when the number is reduced to 100. For example, if we
choose 0.1 as the RMSE threshold, a reservoir consisting of
a 4-clique and 89 isolated nodes is sufficient. This model is
remarkably more compact than a traditional RC, yet it offers
comparable prediction accuracy.

E. Predictive capability of a CB-RC with a single O-clique

In this section, we introduce two benchmark models that
are used to demonstrate the predictive performance of CB-
RCs with a single Q-clique. As a first prediction benchmark
problem, we generate training and test data by numerically in-
tegrating the Lorenz system*, which is a well-known double-
scroll chaotic system, consisting of a set of three coupled non-
linear differential equations (for the system’s variables x,y,
and z) given by

x=10(y—x), y=(28—2)x—y, szy—gz. 9)

As a second benchmark problem, we investigate the use of

the CB-RC with a single 4-clique to predict the dynamics of a

Rossler system*!, which is another paradigmatic chaotic sys-

tem with a single-scroll topology. The behavior of this system
is governed by

¥=—(y+2z), y=x+02y, =02+z(x—5.7). (10)
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FIG. 7. Stochastic neuron dynamics prediction by a CB-RC based on hidden layer containing a single 4-clique and / isolated nodes.
(a) The distribution density of entropy characteristics (S}; / S%,ng / Sg) of the selected top 5% clique configurations. To obtain this distribution,
the range of redundant entropy relations [0, 1.8] is divided into 30 segments of length 0.06, the range of synergetic entropy relations [0,3.3]
is divided into 30 segments of length 0.11, and the number of cliques falling into each segment is normalized to the total number (1,200) of
simplices. (b) Prediction accuracy (RMSE) of the stochastic neuron dynamics as a function of the number of isolated nodes, /.

For the chosen parameter values, these systems generate de-
terministic chaos, resulting in the formation of attractors with
markedly distinct topologies, as shown in Fig. 8a,b for the
Lorenz system and Fig. 8e,f for the Rossler system.

CB-RCs containing a single 4-clique and 500 isolated
nodes were generated to predict the dynamics. Specifically,
a set of 15,000 clique configurations was formulated based
on 30 sets of input weights and 500 cliques for each set with
random coupling strengths drawn from a uniform distribu-
tion [0.5,2.5]. We then evaluated the entropy characteristics
of each clique Sj/S% and S%/S and searched for those char-
acterized by a minimal change in the redundant entropy and
synergistic entropy measures.

The results obtained are shown in Fig. 8d for the Lorenz
system and in Fig. 8h for the Rossler system. Figs. 8d and
8h show the distribution of the top 5% of the best CB-RCs in
the coordinates of the entropy characteristics of a single clique
(Sk/Sk:S5/55)-

Reservoirs with the clique, selected for minimum entropy
change, and 500 isolated nodes were trained using 8,000 and
25,000 samples, respectively, for the Lorenz and Rossler sys-
tems. Fig. 8a,e show the dynamics of the target and predicted
x, y and z variables for both chaotic systems. For a short in-
terval reflecting the Lyapunov time, the predicted and actual
signals behave almost identically, and then the trajectories di-

verge inexorably. A qualitative inspection of the predicted
strange attractors (Fig. 8c for the Lorenz and Fig. 8g for the
Rossler system) and the actual strange attractors (Fig. 8b and
f for the two systems, respectively) reveals a striking similar-
ity between the two, indicating that the CB-RC is capable of
reproducing the long-term dynamics of both. Thus, our ap-
proach, which involves the purposeful design of the CB-RC
interior based on the entropy approach, has been demonstrated
to be effective in predicting the dynamics of low-dimensional
chaotic systems. The results indicate that a simple hidden
layer comprising a small number of isolated nodes and a sin-
gle 4-clique allows an efficient and reasonably accurate pre-
diction that is comparable to that of traditional RCs.

IV. APPLICATION TO THE RECONSTRUCTION OF
EXPERIMENTAL BRAIN SIGNALS

Finally, we use experimental data to illustrate the potential
of using CB-RC to reconstruct the signal of one electroen-
cephalography (EEG) channel based on information from ad-
jacent channels. This situation was chosen as an empiri-
cal challenge because of the complex interdependencies be-
tween EEG channels resulting from the fact that each chan-
nel receives weighted contributions from multiple cortical re-
gions, alongside the high-dimensional and stochastic under-
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FIG. 9. Reconstructing the EEG channel signal using the CB-RC with single 4-clique. (a) Location of the EEG electrodes (namely,
Fpl, Fp2, F3, F4, FC1, FC2) whose experimental signals were used to recover a hidden temporal variable (Fz channel signal). (b) Schematic
representation of the CB-RC that was used to recover the unknown signal. (¢) Target experimental signal Fz (top), the signal reconstructed with
CB-RC (middle), and the difference between the target and recover signals (bottom) in time. (d) Density distribution of entropy characteristics

Target channel

(S5/5%,5%/89) of the selected top 5% cliques.

lying neural dynamics. To this end, we analyzed two-minute
recordings of resting-state background neuroelectrical activity
made with the eyes open in healthy participants (see details of
data acquisition in the Appendix A below).

To limit the dimensionality of the problem (as the objective
here is merely to illustrate a concept), we arbitrarily selected
seven neighboring channels from the frontal lobe (Fpl, Fp2,
F3, F4, FC1, FC2, and Fz, as shown in Fig. 9a). We called the
Fz channel a “hidden” channel, with the aim of reconstructing
its signal based on data from the remaining six channels. The
corresponding configuration is shown in Fig.9b. The input
signals, in the form of a data set, are derived from channels
Fpl, Fp2, F3, F4, FC1, and FC2 and are the input to CB-
RC. Only one signal, corresponding to the hidden channel Fz,
is considered at the output. In this instance, we do not take

into account the short-circuit of the input and output of the
memory by a feedback loop in the reconstruction mode. After
training the output weights of the reservoir by minimizing the
loss function in Eq. (2) as described above (see Section II),
the CB-RC is then fed with experimental data and the quality
of the reconstruction is analyzed using the RMSE metric (6).
The training set consisted of 60 s of EEG recordings used to
train the output layer of the CB-RC. The subsequent 60 s of
data were used to assess the accuracy of the reconstruction.

Fig. 9c illustrates an example of hidden channel reconstruc-
tion. The original (target) experimental signal Fz, the signal
reconstructed with CB-RC, and the difference between them
are plotted. The error at each time point of the hidden vari-
able reconstruction does not exceed 6% with the best RMSE
is around 0.004. The CB-RC model had a single 4-clique and
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500 isolated nodes.

We calculated the change in entropy characteristics to esti-
mate the best cliques for reconstructing the experimental data
(S%/S%,8%/S9). The same binarisation approach to signals
used in the case of predicting chaotic signals was used here to
calculate the entropies [Eq. (A5)]. We found that, as before,
the best-performing cliques are those characterized by a min-
imal change in the redundant entropy and synergistic entropy
measures. This is illustrated in Fig. 9d, which shows the dis-
tribution of the top 5% of the most effective CB-RCs in the
coordinates of the entropy characteristics of a single clique
(Sx/S%,S%/S9). The distribution was computed by generat-
ing 20 random sets of input weights, for each of which 500
cliques with random coupling strength were generated from a
uniform distribution [0.5,2.5]. A total of 10,000 cliques were
used to construct the distribution. The distribution in Fig. 9d
shows the fifth percentile of the total distribution, correspond-
ing to the threshold RMSE = 2.09. Based on this example,
we confirm that the proposed paradigm performs remarkably
well on experimental data obtained from large complex sys-
tems, such as the human brain.

V. DISCUSSION

In recent years, there has been a notable increase in research
focused on developing more efficient learning mechanisms
and innovative reservoir architectures. The principal objective
has been to construct reservoirs with extensive and intricate
state spaces, thereby facilitating more efficacious processing
of intricate temporal data. For example, see Gauthier et al. 17
demonstrated the potential of employing a nonlinear autore-
gressive vector as a reservoir state space, which markedly re-
duces the computational burden during training. Similarly, in
a further extension of the power of reservoir computing, Kong,
Brewer, and Lai %> explored the use of high-dimensional reser-
voir states to encode and manipulate complex dynamical at-
tractors. Previously, the advantages of sparse reservoirs with
small number of connections have been previously discussed
in?!. We suggest constructing a specific topological architec-
ture based on predefined rules — namely, forming small all-
to-all connected groups of the fixed size based on the initial
adjacency matrix and introduce the interaction inside it via a
mean-field principle. These structures, such as triangles and
tetrahedrons, provide a considerably richer framework for rep-
resenting multi-node dependencies®. Our study introduces a
CB-RC model that retains the essential characteristics of clas-
sical random reservoirs while introducing a robust framework
for efficiently modeling and predicting dynamical systems, re-
gardless of their underlying complexity or nature.

A noteworthy feature of the proposed model is its mini-
malistic configuration, which contrasts with the intricate ar-
chitectures often associated with high-performance reservoirs.
Despite its simplicity, the model attains a level of predictive
accuracy that surpasses traditional reservoirs. Moreover, we
demonstrate that the effective operation of the reservoir can
be maintained by retaining a single fully connected compo-
nent and a set of isolated neurons, with desirable implications

for physical reservoir computing, for example, with regards
to the number of metal layers necessary for signal routing in
integrated circuits and circuit boards>**3. This reduction in
complexity not only minimizes the hardware requirements but
also ensures the preservation and, in some cases, even the en-
hancement of the computational capabilities of the reservoir.

As evidenced in Ref. 2!, the challenge is determining which
elements to link and how to arrange these links to maintain
high prediction accuracy. Our analysis indicates that the most
effective configurations can be identified by examining the
entropy characteristics of connected and unconnected nodes.
Our information-theoretical analysis enables the synergistic
and redundant structures of these nodes to remain stable when
combined into a clique, with entropy ratios consistently falling
in the 0.8-1.2 range which means that both characteristics do
not change when a clique is formed. Stability is essential, as
it enables accommodating more intricate interactions from the
input signals through a clique without altering the overall en-
tropy. This explains why even a single clique combined with
isolated nodes can outperform traditional dense reservoirs -
the clique structure inherently captures the essential nonlinear
signal features while eliminating superfluous connections.

In paper** Li et al. demonstrated the utility of higher-order
interactions in reservoir computing by inferring such struc-
tures from data. Our work takes a complementary approach by
prescribing specific clique-based topologies (e.g., 3-cliques
and 4-cliques) and quantifying their advantages. Our results
show that these predefined structures not only enhance pre-
diction accuracy but also enable more compact hardware im-
plementations. In the previous theoretical works!'*> the au-
thors has shown that pairwise-coupled reservoirs are univer-
sal approximators, our results demonstrate that specific sim-
ple topology with small number of connections can signif-
icantly enhance practical performance. Specifically, clique-
based topologies achieve comparable or better accuracy with
fewer couplings, making RC advantageous for real-world ap-
plications where hardware constraints or training efficiency
are critical.

Our architecture, based on cliques of varying sizes, builds
on and extends the research on structured topologies in reser-
voir computing. The seminal work of Jarvis et al.* and its
predecessors (e.g.,*¢) established that clustered and hierarchi-
cal reservoir organization is a powerful means of enhancing its
dynamic range and robustness, overcoming the severe spectral
radius limitations (p < 1) inherent in classical random topolo-
gies. Our results empirically support this thesis, demonstrat-
ing that structured clustering leads to improved data repre-
sentation and processing. However, unlike approaches where
cliques are loosely connected or specialized on individual
signal components (e.g.,*”), our model strategically empha-
sizes full connectivity within cliques. This key difference, as
our systematic analysis shows when combined with varying
clique sizes significantly reduces the system’s sensitivity to
the choice of a specific global topology. Thus, our work offers
a solution to one of the central problems identified in earlier
studies: it combines the high performance provided by clique
organization with increased generality and practical applica-
bility, paving the way for the creation of more compact, effi-
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cient, and robust physical implementations of reservoir com-
puters.

In summary, we have introduced a novel reservoir com-
puting model that enhances prediction accuracy by incor-
porating cliques with all-to-all connected nodes (CB-RC),
namely, cliques with 3 and 4 elements. Reducing the num-
ber of required links and nodes accompanies this performance
improvement. The clique topology’s advantages are robust
across diverse applications from stochastic neuron prediction
to chaotic systems and real-world EEG analysis, demonstrat-
ing its general applicability. Through both theoretical analysis
and extensive numerical validation, we show how this archi-
tecture achieves an optimal tradeoff between memory capac-
ity, nonlinear processing, and hardware efficiency - making
it both fundamentally interesting for statistical physics and
immediately relevant for practical implementations. The po-
tential applications encompass, for example, the development
of dynamical models in brain science and the formulation of
optimal control systems in engineering. Future work should
deploy the proposed method to large-scale datasets and quan-
tify performance and implementation complexity advantages
in concrete applications, including low-power and real-time
systems.
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Appendix A: Appendix A: Methods
1. Numerical methods used

For the numerical solution of the stochastic FitzHugh-
Nagumo equations (Eq. 7), we used the Euler-Maruyama

method, with an integration time step Ar = 0.1. The differen-
tial equation systems of Lorenz (Eq. 9) and Rossler (Eq. 10)
were instead solved numerically using a fourth-order Runge-
Kutta method with fixed integration time steps Az = 0.01 and
Ar = 0.02, respectively.

2. EEG brain data acquisition

In order to reconstruct the time series of a hidden elec-
trode in brain activity data, we used two-minute recordings
of the background electrical activity of the brain in the resting
state with open eyes recorded in healthy volunteers. Twenty-
one healthy subjects (9 male and 12 female, aged between
18 and 26 years) participated in the experiments. All sub-
jects provided written informed consent prior to participation.
The experimental procedures were conducted in accordance
with the principles of the Declaration of Helsinki and ap-
proved by the local Research Ethics Committee of Immanuel
Kant Baltic Federal University (protocol No 32 from July 04,
2022). EEG signals were recorded using an actiCHamp sys-
tem (Brain Products, Germany) for 63 channels according to
the “10—10” scheme, with a sampling frequency of 1,000 Hz.
Only minimal preprocessing was performed; namely, the sig-
nals were filtered in the range [1, 40] Hz using a band-pass
finite impulse response (FIR) filter.

3. Finding cliques of a given size in a graph

To identify all cliques of a specified size within a graph, we
employed the algorithm proposed by Zhang, et al.”®, which
was adapted and implemented in the Python package Net-
workX.

4. Estimation of the number of cliques required to achieve
the desired forecasting accuracy

2,850 RC configurations with different hyperparameter val-
ues were used to compute the dependencies shown in Fig. 4.
After the training and testing phases, each corresponding RC
is characterized by its RMSE value. To facilitate a compar-
ative analysis of the number of cliques comprising an RC
across different clique’s sizes and their corresponding RMSE
values, the following procedure was applied: the RMSE range
from O to 1 was divided into 20 equal intervals of length
ARMSE = 0.05. Then, for each interval, the number of
cliques of each size that make up the reservoir whose RMSE
falls within this range was calculated. Then, for each ith range
of RMSE (ARMSE(i —0.5),ARMSE(i+0.5)),i=1,....20,a
set of reservoirs was obtained for which the number of cliques
was calculated for each clique’s size (Q = 2,3,4). From this
set, the mean and the standard deviation for each Q as a func-
tion of IARMSE were finally calculated.
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5. Entropy measures

To quantify the information relevance of different compo-
nents in the CB-RC hidden layer, we propose an approach
based on two entropy measures, redundant entropy (Sg) and
synergistic entropy (Ss), which enable detecting information
structures in complex networks*®*° and in particular func-
tional brain networks3*. As noted in Ref. 3, redundant and
synergistic information exchange between nodes in the subset
{hi,hy,...,ho} of N reservoir nodes represent two distinct but
related types of interaction. In this context, redundancy refers
to information that is duplicated across many network nodes,
such that the same information could be gathered by observ-
ing hi VhyV---Vhg. Synergy refers to information accessible
only by considering the joint states of multiple nodes, rather
than simpler combinations of sources. Synergistic informa-
tion can only be gathered by observing iy Ahy A -+ Ahg.

In the case of a clique with size Q = 4, redundant and syn-
ergistic entropy measures can be computed as

Sr(hi,ha,h3,hy) = H374({1}{2}{3}{4})+
FHH2H3N + H({1H2HAD+
FH A +H) (23 BH4)) @A

and

Ss(hi,ha,hs,hy) = HY74({1,2,3}{1,2,4}{1,3,4})+
+HY 4 ({1,2,3}{1,2,4}{1,3,4}{2,3,4})+
+HYH({3,43{1,2,4}) + Hy *({1,3}{1,4}{2,4})+
oA Hy {12340 +Hy  ({133,4)), (A2)

where H 5 ~4is the partial entropy function for the tetrahedron
h = {hy,ho,h3,hy} (see Refs.?®3 for details). For exam-
ple, H 574({1}{2}{3}) refers to the information redundantly
shared by hy, hy, and h3, when these are considered as part of
h. When calculating Sg, 140 combinations of H 8174 are con-
sidered, therefore, only some of them are given in Eq. (A2).
The partial entropy function determines the unique infor-
mation about the whole system h contained in the considered
elements (in our case, nodes) and not in the others. To obtain
Hj, one must compute the informative and misinformative
pointwise shared information of an element, apply Mobius
inversions to it, and compute the difference between the in-
formative and misinformative ones (see Ref. 38 for details).
In the case of Q =4, the measures in Eq. (A1) and Eq. (A2)
are computed for each set of four nodes forming a clique, for
two cases: in the absence of links ($%,59) (isolated nodes) and
in the presence of links (Sk,S%) (clique). Then we consider
a value equal to their ratio (Sj/S%,S%/S%), which allows us
to estimate the change in the information characteristics of
the considered nodes when forming a clique. When cliques
are connected, the presence/absence of the entire connected
component of the graph is analyzed. All entropy properties
are averaged over all cliques of this component, with
1 i g
szl R,S»

Srs = (A3)

where J is the number of cliques in the connected component.

Since these measures work well with discrete variables
hH (1), we discretize the signals of each reservoir neuron,
h(t), by binarization, depending on the system being ana-
lyzed.

For the FitzHugh-Nagumo neuron, information is primar-
ily carried by the spike events, so we first determine z-scores
based on the output of each i-th neuron within the reservoir,
determine the derivative of the evolution of the spike (increas-
ing or decreasing), and set all values greater than the standard
deviation ¢ (k;) for an increasing spike to 1, the rest to 0, and
less than —o(h;) equal to 1 for a decreasing spike, the rest
equal to 0, as follows

1, if ((hi(t) = o (hi)A
(|maX(h) hi| > [min(h;) — i)V
(i) < —olb)r
H (Imax(h;) — hi| < |min(h;) — hi))),
MO=No, it <oty MY
(|max(h;) — k| > |min(k;) — h;]))V
() > —oth)r
(Jmax(h;) — hi| < |min(h;) — hy]))

Binarized time series 4 described by Eq. (A4) with 500,000
points are used to estimate the entropy characteristics.

To binarize the data in the case of the Lorenz and the
Rossler systems calculating the entropies, we first apply a z-
score to the output of each i-th neuron within the clique, then
set all positive values to 1 and the rest to 0:

1, ifhi(t)>0

F0=9, if hi(1) < 0.

(AS5)

All partial information and entropy decompositions were
performed using the SxPID package released by Ref. 8.
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